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Flight Envelopes for Hypersonic Aerorendezvous
at Constant Altitude
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Flight envelopes of a lifting space vehicle at constant-altitude hypersonic coasting flight for the purpose of
aerorendezvous with initial relative heading angles at 0,30, 6 0 , . . . , and 180 deg are presented. Besides the final
position, the final velocity vector (both magnitude and heading) also must be specified for aerorendezvous. There-
fore, final conditions are very stringent and the coordinate-system rotation technique is used to ease the numerical
computation and to save time. The two-point boundary-value problem resulting from the variational formulation
is solved by using the direct shooting method. The flight envelopes are found to be functions of two angles: the
initial position and the initial velocity heading of the space vehicle. Both are measured relative to the specified final
velocity vector. The envelopes for 0 and 180 deg of initial relative heading angles are symmetric with respect to the
longitudinal axis. There are two discontinuity points on each of the envelopes. The other flight envelopes are not
symmetric, and each has one discontinuity point only.
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Nomenclature
drag coefficient
zero-lift drag coefficient
lift coefficient
CL for maximum lift-to-drag ratio
Hamiltonian integral, a constant
constants of integration
maximum lift-to-drag ratio
maneuvering G value, L/W
gravitational acceleration
Hamiltonian
performance index
induced drag factor
lift
vehicle mass
rotated spherical coordinate system at constant
altitude
longitude-latitude spherical coordinate system
at constant altitude
adJ°mt variables
heating rate per unit area
vehicle distance from center of Earth
reference area
dimensionless time
time
vehicle speed
circular orbital speed
direction a_ngle, rotation angle of (0, 0, 0)
from (0,0,0)
longitudinal range referenced to (0, 0, 0)
longitude
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X = normalized lift coefficient, CL / C*L
IJ, = Lagrange multiplier
v = dimensionless kinetic energy
p = atmospheric density
cr = bank angle
0 = latitudinal range referenced to (0, 0, 0)
0 = latitude
T/f = heading angle referenced to 00 axis
i/f = heading angle relative to Vf or referenced to

00 axis
Q = dimensionless altitude

Subscripts

i = initial value
/ = final value
max = maximum valve
min = minimum value

I. Introduction

S INCE the first flight of the Space Shuttle Columbia on April 12,
1981, the development of reusable space vehicles has become

more active. Several eminent examples are the Russian orbiter Buran
(first flight on Nov. 15,1988), the European space plane Hermes, the
Japanese H-2 Orbiting Plane (HOPE), and the American National
Aerospace Plane.l All of these space vehicles are designed to be
winged and manned except for HOPE, which will be unmanned. In
other words, these vehicles can perform aerodynamic maneuvering
either manually or automatically as long as they return from orbit
and enter the lower layers of the Earth's atmosphere.

In the Air Research and Development Command Model Atmo-
sphere, the space immediately surrounding the Earth is divided into
11 concentric layers.2'3 In each of the layers, the gradient of the
molecular temperature with respect to the geopotential altitude is
constant. The lower atmosphere is defined from sea level to the alti-
tude of 91 km such that the composition of the air is constant. There
are six layers in the lower atmosphere. The upper atmosphere is the
region between 91 and 700 km in which the composition of the air is
variable. There are five layers in the upper atmosphere. For re-entry
flight-performance analysis, 120 km is usually chosen as the altitude
where the aerodynamic effect should be considered.4 Therefore, the
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flight-performance optimization of the winged space vehicle within
the lower atmosphere and the lower layers of the upper atmosphere
has been studied extensively and will have practical importance in
the future.5 Maneuvers such as aerobraking,6 orbit change, orbital
plane change,7 aerointercept,8 and aerorendezvous are of interest.

The purpose of this paper is to construct the flight envelopes at
constant altitude for aerorendezvous. Two flight envelopes, for 0 and
180 deg of initial relative-heading angles, have been investigated.9
Although both envelopes are symmetric with respect to the abscissa,
it seems that the envelopes for other relative-heading angles are com-
paratively much more complicated. Therefore, we construct addi-
tional envelopes for 30, 60, 90, 120, and 150 deg of initial relative-
heading angles. The envelopes are investigated and discussed in
detail.

II. Aerointercept and Aerorendezvous
Aerointercept is the interception of a target by a winged ve-

hicle that uses aerodynamic maneuvering to approach the target.
Therefore, the vehicle and the target must have the same position at
the time of interception, but their velocity vectors can be different.
Aerorendezvous is the process of bringing two vehicles or space-
craft together by using aerodynamic maneuvering. Consequently,
the two vehicles or spacecraft must have the same position and the
same velocity vector when the rendezvous is completed.

Flight envelopes for aerointercept have been constructed.8 The
prescribed initial speed is 97.5% of the circular orbital speed, and
the final speed is given to be the stall speed and is 27.2% of the
circular orbital speed. Because dimensionless variables have been
used, the flight altitude is not given explicitly. But according to the
characteristics of the winged space vehicles we mentioned above,
the results are good for altitudes between 50 and 100 km. It has been
found that for the aerointercept purpose the final-heading angle is
free and therefore the flight envelopes are concentric circles with
the final destination as the center. The radii of the concentric circles
depend on the initial-heading angle only. Now, for aerorendezvous
purpose, both the final speed and the final heading must be prescribed
so that docking of the space vehicles can be accomplished when
necessary. Consequently, it would be of interest to depict the flight
envelopes for this particular purpose.

III. Geometric Description
The geometry for the aerorendezvous maneuver and the construc-

tion of the flight envelope is shown in Fig. 1. It is assumed that the
pursuer has a well-specified initial condition and the target has a
well-defined trajectory. In other words, the pursuer knows the time
function of motion of the target. The initial position of the pursuer is
at point O and is on the flight envelope. The final position is at point
O and is the target point at the time of rendezvous. The distance
O 6 is to be maximized.

Two sets of coordinate sy_stems_are used as reference frames: the
longitu_de-la_titude system O, #, 0 and the rotated system 0,0,0.
Both O,6, (f> and O,0,(/> are spherical coordinate systems and are

moving with the final destination point at a certain constant altitude
on the spherical Earth. The O, 0, 0 system is rotated an angle 77
counterclockwise with respect to the system 0 ,0^0. The angle
between the two vectors Vf and V/, denoted by Vv in Fig. 1, is
called the initial relative-heading angle. The O,0,-(/s system is used
for the variational formulation so that the performance index can be
given simply as Of. It is obvious that the maximum OO distance
is a function of the two angles r\ and T//V. For a given T//V, we can
construct the flight envelope by varying 77 from 0 to 360 deg. The
flight envelope is plotted on the d,0,(j> coordinate system.

IV. Equations of Motion and Constraints
A. Equations of Motion

Because the variational formulation is formulated in the rotated
coordinate system, we use O, 0, 0 as the reference frame and the
following assumptions:

1) The space vehicle is considered to be a point mass with lift
capability.

2) For coasting flight, the thrust is zero.
3) The Earth is a sphere.
4) The atmosphere is stationary with respect to the Earth.
5) The transport acceleration and the Coriolis acceleration are

neglected.
The equations of motion expressed in the 0, 0, </> coordinate sys-

tem for constant-altitude flight over a spherical Earth are5

—
~dt

d6_
d7

pSCDV2

2m

V COSl//-

r cos0

V sin i/f

d\lf pSCLV2 V2

V — = ————— sin a — — cos ̂  tan 0
dt 2m r

(la)

(Ib)

(Ic)

(Id)

where the bank angle a is used as the control variable. Using a
parabolic drag polar of the form

KC

we define the normalized lift coefficient A. as

X = (CL/C*L)

(2)

(3)

where C*L corresponds to E*. With given values of CD() and K
assumed constant at hypersonic speed, we have

E* =
1

(4)

By introducing the following dimensionless altitude £2, dimension-
less kinetic energy v, and dimensionless time s:

2m V2

pSC*Lr gr

we have the dimensionless equations of motion

dv A/V^
ds E*£2

d9_
~ds

ds

1 -v

(1 + tan2 a)

d
tan a — ^/v cos ty tan c

Fig. 1 Geometry for the construction of the aerorendezvous flight
envelope.

The constraining relation for constant-altitude flight is

Lcosa = m[g — ( V 2 / r ) ]

l^-dt (5)

1
(6a)

(6b)

(6c)

(6d)

(7)
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Or, in dimensionless form,

A. cos <T = Q[(l -v)/v]

This relation has been used in deriving Eqs. (6).

(8)

B. Maneuvering G Constraint
The G value of the space vehicle is defined as the aerodynamic

lift divided by the vehicle weight:

c = L = py2sCL
W 2mg

In other words, it is the acceleration attributable to lift and expressed
in the units of local gravitational acceleration. Using the dimension-
less variables, we have

= [(l-v)/cosor] (9)

The maximum allowable G value is limited at 2.5, and we can write
the G-value constraint in the form

Si(v, a) = [(1 - v)/cosor] - 2.5 < 0 (10)

where Si is an inequality constraint and a function of both state and
control variables.

C. Heating-Rate Constraint
The convective heating rate per unit area at a wing leading edge

of 10 cm in radius can be modeled as10

Q = 4.919 x 10-V'5!'3-0 W/cm2 (11)

It is a function of the vehicle speed and the atmospheric density
or the altitude. Therefore, the heating-rate constraint boundary is a
curve in the altitude-speed plane. In terms of £2 and v, <2 can be
expressed as

g = 4.919 x H
3 2 v1-5 v1-5

—— = 3.568 x 102 —— W/cm2

(12)
where m = 68,000kg,g = 9.65m/s2,r =6,428, 152m (50,000m in
altitude), S = 320 m2, and C* = 0.3 have been used. The maximum
allowable Q is 800 W/cm2, and we have

S2(v, ft) = 3.568 x 102(y1-5/^0'5) - 800 < 0 (13)

where £2 is an inequality constraint and a function of the state vari-
able only. The heating-rate constraint boundary is shown in Fig. 2.
For constant-altitude coasting flight, which we investigate here, the
initial condition must be either on or to the left of the boundary.
Consequently, we choose the initial state (£2,:, v/) = (0.2, 0.95) for
the numerical computation so that the heating-rate constraint will
not be violated throughout the flight. Thus, this constraint is not part
of the formulation.

0.20

0.15 -

0.10 -

0.05 -

0.00
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 2 Heating-rate constraint boundary.

V. Variational Formulation
In Eqs. (6), there are four state variables—9, 0, v, and ^—and

we use the bank angle cr as the sole control variable. As shown in
Fig. 1, we minimize the performance index

J = Of (14)

Because we assume that the heating-rate constraint will always be
satisfied, we have the following Hamiltonian:

H = ~
2+tan2or)

v/iJcos
COS0 KS

x tan a — */v cos i/f tan 0

The adjoint equations for pv, pe, p^, and p^ are

ds ~

«/v sin 0 cos i
ds COS20 COS20

(15)

(16a)

(16b)

ds
, „,ti tan</> (16c)

(1 -1-tan or2)

-Pe

+ cos \ff tan 0 +

- I tan a

(16d)

Since the final time is free, we have the Hamiltonian integral

H = Co = 0 (17)

The integration of Eq. (16a) gives

p9 = Cl = l (18)

where C\ = 1 results from the fact that Of is to be minimized. Using
0 as an independent variable, we can derive

P+ = C2sin6>-C3cos<9 (19)

/ty = sin 0 + (C2 cos 9 + C3 sin 0) cos 0 (20)

These classic integrals were derived previously.5
When the control is interior, the optimal control function can be

obtained from (QH/da) — 0 and we have

tan or =
28(1 -v)py

(21)

By substituting Eqs. (18-20) into Eq. (17) and using Eq. (21) to
eliminate pv, a quadratic equation for tan a can be derived:

( ——- | [sin 0 + (C2 cos 9 + C3 sin 6) cos 0] tan2 a
\ v J

+ 2[cos 0 cos -^ + C2(sin 9 sin ̂  — cos 9 sin 0 cos ̂ )

— CB (cos 9 sin ̂  + sin 9 sin 0 cos VO] tan or

" sin 0 + (C2 cos ̂  + C3 sin ̂ ) cos 0

(22)
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VI. Construction of the Flight Envelopes
For numerical computation, the maximum lift-to-drag ratio of the

space vehicle is specified as E* = 7, and the dimensionless altitude
is given as £2 = 0.2. The initial dimensionless kinetic energy is
prescribed at v, =0.95, which corresponds to

Vt = VO95K = 0.97468 Vc

The final value of v is chosen to be the stall condition at the given
altitude. We assume that

= 2.5 (23)

where Amax is the maximum value of the normalized lift coefficient
X. Then, from Eq. (8), the final value of v can be calculated as

vf = 0.0741 (24)

In other words, the final speed is specified as

Vf = V0.0741V, = 0.27217V,

In this paper, because aerorendezvous is the main concern, the
final-heading angle must be specified. The space vehicle must arrive
at the specified final destination point with specified velocity vector
(in both magnitude and direction) so that the rendezvous can be
completed.

A. Flight Envelope for ipi = 0 deg
To construct the flight envelope, we must solve the optimaljra-

jectories from all directions around the final destination point 0, to
obtain the maximum distance points in all directions. These points
are then connected to form the flight envelope. As shown in Fig. 3a,
the points numbered from 1 to 12 are the maximum distance points
for the direction angles rj = 0, 30, 60 , . . . , and 330 deg, respectively.
The 12 optimal trajectories are plotted in Fig. 3b. Also shown is the
flight envelope, which is constructed by connecting the 12 points.
The flight envelope is symmetric with respect to the O9 axis.

The coordinate rotation technique does not have to be used in
solving point 1. Thus for rj = Q, the initial condition at st =0 is
(v,-, 0/, </>/, ^/) = (0.95, 0, 0, 0 deg) and the final condition at sf =
free is (v /5 0/, (/>/, ^/) = (0.0741, min, 0, 360 deg). The optimal
trajectory for 77 = 0 is plotted in Fig. 4a, and the time histories of
the dimensionless kinetic energy v, bank angle cr, and Lagrange
multiplier [i are shown in Figs. 4b and 4c. For other direction an-
gles, the coordinate system O, 0, 0 must be rotated as described
in Sec. III. As an example for rj = 30 deg, the initial condition at
Sj = 0 becomes (v/, 0/, 0/, ^/) = (0.95, 0, 0, -30 deg) and the final
condition at sf = free becomes (vf, Of, (/>f, V/) — (0-0741, min, 0,
-390 deg).

There are three particular points, denoted by PI, P2, and P3, that
need further explanation. At point 1, there are two equidis_tance op-
timal trajectories that can go from this point to point O. One is
above the 00 axis (Fig. 3a, solid line) and the other is below it (Fig.
3a, dashed line). In o_ther words, we can go from either direction,
above or below the 00 axis, to complete the aerorendezvous ma-
neuver and obtain the same maximum distance. Actually this is the
point where the initial bank angle changes direction. It is seen from
Fig. 3b that the two optimal trajectories for 77 = 30 and 330 deg (—30
deg) are symmetric with respect to the 00 axis. Also, the optimal
trajectories for 77 = 60 and 300 deg (—60 deg) are symmetric. This
means that below the 00 axis, the initial bank angle is positive and
the space vehicle banks and turn to the left, whereas above the 00
axis, the initial bank angle is negative and the space vehicle banks
and turns to the right. The sign change of the initial bank angle oc-
curs at point 1. We define this kind of point as the critical point and
use P! to denote it.

The point P2 is along the direction angle 77 = 62.6 deg, whereas the
point P3 is its image point. The optimal trajectories with initial points
between P3 and P2 are C-shaped or reversed-C-shaped. At P2, there
is a reversed-S-shaped optimal trajectory that gives a much longer
maximum distance than the reversed-C-shaped one. A discontinuity
at P2 results. The same phenomenon occurs at P3. Between P3 and

-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

a) Flight envelope and critical points

(RAD)
-3.0 -2 .5 -2 .0 - 1 . 5 - 1 . 0 -0.5 0 .0 0 .5 1 .0 1 .5 2 .0

b) Optimal trajectories

Fig. 3 Optimal trajectories and flight envelope for -0f = 0 deg.

P2, the space vehicle does not have sufficient aerodynamic authority
to make an S-turn for aerorendezvous. We also call P2 and P3 critical
points. From point 7, the vehicle simply coasts at constant altitude
to point 0. No bank is necessary. The coasting range can be solved
analytically.6

B. Flight Envelope for ̂ t = 30 deg
The 12 maximum distance points for rj = 0, 30, . . . , and 330 deg

are solved and shown in Fig. 5a. Also shown are the corresponding
optimal trajectories in Fig. 5b. We then connect the 12 points as
denoted by 1 ,2 , . . . , and 12 to form the flight envelope. There are
only two critical points, P2 and P3. The optimal trajectories between
P3 and P2 are C-shaped. There are no reversed-C-shaped optimal
trajectories. Consequently, by comparison with the flight envelope
for i/f, = 0 deg shown in Figs. 3a and 3b, we see how PI vanishes
from the envelope for ^r/ = 30 deg. In other words, PI is now
coincident with P2. This causes an even larger discontinuity at P2.
There is no discontinuity at P3. The direction angles for P2 and P3
are 79.8 and 314 deg (—46 deg), respectively.

C. Flight Envelopes for ̂  = 60 and 90 deg
For the initial relative-heading angle T/^/ — 60 deg, the envelope is

constructed and plotted in Fig. 6. The two critical points are located
at r] = 95.5 and 328 deg (-32 deg), respectively. The discontinuity
at P2 is getting smaller. Again, there is no discontinuity at P3.
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-0,6 -0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4

a) Optimal trajectory

0.6-

0.4-

0.0

DIMENSIONLESS
KINETIC ENERGY

90 <7
(DEG)

-50

-40
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20
0.0 0.5 1.0 1.5 2.0 2.5 3.0 s 3.5

b) Time histories of optimal dimensionless kinetic energy and bank
angle

0.7

0.4-

0.1 -

0.0 0.2 0.4 0.6 0.8 1.0

c) Time history of optimal Lagrange multiplier

Fig. 4 Optimal trajectory for fa = 0 deg and 77 = 0 deg.

The flight envelope for fa — 90 deg is shown in Fig. 7. The two
critical points are in the direction angles 77 — 113 and 338.5 deg.
Note that the location of the first critical point is retrograding at
about the same pace as the initial relative-heading angle. However,
the location of the second critical point does not move substantially.

D. Flight Envelopes for i/i, = 120 and 150 deg
For the initial relative-heading angle fa = 120 deg, the envelope is

constructed and plotted in Fig. 8. The two critical points are located
at TI = 131.5 and 330 deg, respectively.

For fa = 150 deg, the 12 maximum distance points for rj =
0, 30 , . . . , and 330 deg are computed and shown in Fig. 9. Again

(RAD)
-3.0 -2.5 -2.0 -1 .5 -1.0 -0.5 0.0 0.5 1.0

a) Flight envelope and critical points

-3.0 -2.5 -2.0 -1 .5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

b) Optimal trajectories

Fig. 5 Optimal trajectories and flight envelope for fa = 30 deg.

.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.8 2.0

Fig. 6 Flight envelope and critical points for $f = 60 deg.
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-3.0 -2 .5 -2.0 -1 .5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.o(RAD)

Fig. 7 Flight envelope and critical points for -0,- = 90 deg.
-3.0 -2.5 -2.0 - 1 . 5 -1 .0 -0 .5 0.0 0.5 1.0 1.5 2.0(RAD)

Fig. 10 Flight envelope and critical points for i/>t- = 180 deg.

- 2 . 5
-3

Fig,

0 -2 .5 -2 .0 -1 .5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0(RAO)

8 Flight envelope and critical points for T/J,- = 120 deg.

-2.5
-3 .0 -2 .5 -2 .0 - 1 . 5 -1.0 -0 .5 0 .0 0 .5 1 .0 1 .5 2.o(RAD)

Fig. 9 Flight envelope and critical points for ^f = 150 deg.

there are two critical points, one between points 6 and 7 and the other
between points 12 and 1. More precisely, there is one at 77 = 155.5
deg and the other at 77 = 353 deg. We have found that, in both en-
velopes, the discontinuity at critical point PI has vanished.

E. Flight Envelope for ipt = 180 deg
As shown in Fig. 10, points 1-12 are the maximum distance points

for the direction angles rj = 0, 30, 60, . . . , and 330 deg, respectively.
There are two symmetric trajectories that can go from point 1 to point
0, one above the OS axis (solid line) and the other below it (dashed
line). Both trajectories are optimal. There is another point, 7, that
has the same characteristics. We also see that for T//V = 180 deg the
two critical points are on the longitudinal axis. This results in a
flight envelope that is symmetric with respect to the longitudinal
axis.

VII. Conclusions
The flight envelopes of a lifting space vehicle at constant-altitude

hypersonic coasting flight for aerorendezvous with various initial
relative-heading angles are constructed and investigated in detail.
The initial relative-heading angle is defined as the angle between
the initial velocity vector and the final velocity vector. For ren-
dezvous, both the final position and the final velocity vector must
be completely specified. To construct a flight envelope, the maxi-
mum distance points in all directions must be determined through
the numerical computation of a family of optimal trajectories. The
maximum distance points are then connected to form the flight en-
velope. The maneuvering G constraint is imposed.

Seven flight envelopes are presented for initial relative-heading
angles of 0, 30, 60 , . . . , and 180 deg. There are two or three critical
points on each flight envelope. At the critical points, there are two
optimal trajectories giving either the same or different maximum
distances. When the maximum distances are different, the longer one
must be selected. This causes a discontinuity in the flight envelope
at some critical points.

We believe that the construction of these flight envelopes will
enhance the study of performance optimization for the lifting space
vehicles at hypersonic-speed flight. They will provide scientists and
engineers with additional data concerning the capability of such
vehicles.
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